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WEAK SOLUTIONS OF SEMILINEAR ELLIPTIC EQUATION 
INVOLVING DIRAC MASS 


Huyuan Chen Patricio Felmer Jianfu Yang 


Abstract. In this paper, we study the following elliptic problem with Dirac 
mass 

r — Art = + A;(5o in 

I lim u{x) = 0, 

|x|->-+oo 

where A > 2, p > 0, A: > 0, (5o is Dirac mass at the origin, the function V is 
a locally Lipchitz continuous in \ {0} satisfying 


V{x) < 


_Cl_ 

x|“o (1 + 


with oo < N, ttoo > clq and ci > 0. We obtain two positive solutions of 
(1) with additional conditions for parameters on aoo,ao, p and k. The hrst 
solution is a minimal positive solution and the second solution is constructed 
by Mountain Pass theorem. 


( 1 ) 


1. Introduction 


The main objective of this paper is to study the existence of multiple weak solutions to 
the following nonlinear elliptic problem with Dirac mass 

(—Au = + k6o in M^, 

I lim u{x) = 0 

I |x|—J-Tcx) 

where A > 2, p > 0, A; > 0, 5o is Dirac mass at the origin, the weight function V is locally 
Lipchitz continuous in \ {0}. Problem (P^) concerns with source term in contrast with 
problems with absorption terms. The semi-linear elliptic equations with absorption terms 

{ —Au + g{u) = u in D, 

u = 0 on dQ, 


( 1 . 1 ) 


where u is a bounded Radon measure, D is a bounded domain in and p : M —>■ M is 
nondecreasing and g{0) > 0, has been extensively studied for the last several decades. A 
fundamental contribution to the problem is due to Brezis [8], Benilan and Brezis [5], where 
they showed the existence and uniqueness of weak solution for problem (1.1) if the function 
p : M —>■ M satishes the subcritical assumption: 

r*+C50 


i: 


idis) — g{—s))s ^ n- 2 (Is <+ 00 . 


The method is to approximate the measure u by a sequence of regular functions, and find 
classical solutions which converges to a weak solution of (1.1). Meanwhile, it is necessary 
to establish uniform bounds for the sequence of classical solutions. The uniqueness is then 
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derived by Kato’s inequality. Such a method has been extended to solve the equations with 
boundary measure data in [13, 16, 17, 18, 19] and other subjects in [3, 4, 6 , 7]. 

In the source term case, one adapts different approaches since it is hard to find uniform 
bound if one uses the approaching process in [5, 8 ]. Moreover, it seems that the uniqueness 
is no longer valid in general. Actually, for the problem 


—Au = + Ado in 

u = 0 on 


( 1 . 2 ) 


where q € (1, j^), A > 0 and is a bounded domain containing the origin, it was shown 
in [15] that there exists A* > 0 such that ( 1 . 2 ) has two solutions for A € (0, A*). For general 
Radon measures fi, one weak solution was found in [4] for (1.2) with do replaced by ji. If 
I < q < the solutions of ( 1 . 2 ) are isolated singular solutions of 


— Au = in n \ {0}, (1.3) 

such solutions asymptotically behave at the origin like The nonnegative solutions 

to (1.3) with isolated singularities have been classified in [1] for q = in [12] for < 
q < and in [9] for q = Using this classification of singular solutions, one may 

construct solutions of the equation like (1.3) with many singular points, see for instance 
[20, 23]. 

In the whole space, it was proved in [22] that the problem 


' m 

—Au + u = u^ + K'^^6xi ™ 

i=l 

lim u{x) = 0 

|a;|—f+oo 


(1.4) 


possesses at least two weak solutions for k > 0 small and 5 G ( 1 , 7 ^^)- A feature of the 
operator —A + id is that its fundamental solution decays exponentially at infinity, thus 
the fundamental solution belongs to L^(M'^). This fact plays an essential role in finding 
solutions of (1.4). While in our problem (Pk), the fundamental solution of —A does not 
belong to L^(M'^). It brings difficulties in the process of finding solutions of {Pk)- 

In this paper, we will find two weak solutions for problem {Pk)- By a weak solution of 
{Pk) we mean a nonnegative function u G such that Vu^ G L^{M-^), 


lim sup u{x) = 0 
^^+°°a;GR^\S^(0) 


and u satisfies 


f u{—A)^dx= [ Vu^^dx + k^{0), 


ve G Cl^\R^)- 


We suppose throughout this paper that there exist oq < N, a^o > aoj ci > 0 such that 
the function V{x) satisfies 

V{x) < Vo{x) ■-= --. (1.5) 

Condition (1.5) implies that the limiting behavior of V at the origin is controlled by 
and that of V{x) at inhnity controlled by respectively. 

The first result is on the minimal solution of {Pk)- 

Theorem 1.1. Suppose condition (1.5) holds and p > 0 satisfies 

N -Ooo N -ao 

p e ( 


N-2 ’ N-2 


( 1 . 6 ) 
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Then, 

(i) there exists k* = k*{p,V) € (0,+oo] such that for k € {0,k*), there exists a minimal 
positive solution Uky of (Pk) and for p > 1 and k > k*, there is no solution for (Pk)- 
Moreover, we have k* < oo if p > 1; k* = +oo if 0 < p < 1 or p = 1 and ci > 0 small. 

(ii) for p fixed, the mapping V k* is decreasing and the mapping V Uky is increas¬ 
ing. 

{Hi) if V is radially symmetric, the minimal solution Uky is also radially symmetric. 


In the sequel, we denote Uky the minimal solution obtained in Theorem 1.1 corresponding 
to k and V. 

We remark that the minimal solution of (Pk) is derived by iterating an increasing sequence 
{vn}n defined by 

t>o = feG[(5o], Vn = G[Vv^_.^]-\-kG[6o], 
where G[-] is the Green operator defined as 

^[f]ix)=[ G{x,y)f{y)dy 

and G is the Green kernel of —A in x It is known that G[(5o] is the fundamental 
solution of —A. To insure the convergence of the sequence {vn}n, we need to construct a 
suitable barrier function by using the estimate 

G[W[(5o]] < C2G[<5 o] in \ {0}, (1.7) 

where C 2 > 0. From the estimate (1.7), the optimal range of k for constructing super 
solution of {Pk) is ( 0 , fcp], where 

kp = {C2P)~~-—-■ ( 1 . 8 ) 

p 

Here we observe that k* > kp. 

Once the minimal solution is found, we explore further properties of the solution. Pre¬ 
cisely, we show such a solution is regular except for the origin, and decays at infinity. These 
properties allow us to establish the stability of the minimal solution, whereas this stability 
plays the role in finding the second solution. 

Denote by P^’^(M'^) the Sobolev space which is the closure of Cf°{W^) under the norm 



We say a solution u of {Pk) is stable (resp. semi-stable) if 

f \Vf,\‘^dx > p f Vu^~^^^dx, (resp. >) G Il^’^(M^) \ { 0 }. 

Let kp be given in (1.8). The properties of the minimal solution are collected as follows. 

Theorem 1.2. Suppose that the function V satisfies (1.5) with a^o > oo ond oq G R, and 
p satisfies (1.6). 

{i) If oq < 2, p > 1 and k G {0,kp), then Uky is a classical solution of the equation 

— Au = Vu^ in R^ \ { 0 }, lim u{x) = 0 (1.9) 

|x|—>--1-00 


and satisfies 


sup u{x)\x\^ ^ < -|-oo. 
xeR^\{o} 


( 1 . 10 ) 
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Moreover, Uky is stable and there exists C 3 > 0 independent of k such that 


\Vf\'^dx—p I Vu^yf,‘^dx>C 3 [{k*) p —kp] 


p—1 P~1 


(ii) If 


p € 0, 


N 


N-2 


e \ {0}. 

( 1 . 11 ) 

( 1 . 12 ) 


and k € (0,k*), the minimal solution Uky is stable and satisfies (1.11). Moreover, any 
positive weak solution u of (Pk) is a classical solution of problem (1.9) satisfying ( 1 . 10 ). 


We note that in (i) and (ii) of Theorem 1.2, the parameter k is bounded by kp and 
k* respectively. It is not clear if kp < k*. We also remark that (1-10) implies that the 
singularity and the decays of u at the origin and infinity respectively are the same as the 
fundamental solution. 

The second solution of (Pk) will be constructed by Mountain Pass Theorem. Indeed, we 
will look for critical points of the functional 

II{'^) — 7 ; I dx — I VF{uky,v+)dx (1-13) 

2 JrN JrJV 

in T>^’^(M'^), where = max{0 ,f}. 

Pis, t) = ^ [(s+ f+r' - -ip+i)s^t+]. 
p+i 

To assure that the functional E is well defined, we establish the embedding 

p)h2(^iV) ^ Voulydx) (1.14) 

and 

p)h2(]gJV) ^ Vodx), (1.15) 

both of them are compact if 

p + 1 G (2*(aoo),2 *(ao))n[l,2*), (1.16) 

where 2*{t) = with t G M and 2* = 2*(0). Therefore, we may verify that the 

functional E satishes the {PS)c condition. Furthermore, we may build the mountain pass 
structure by the stability of the minimal solution. 

Taking into account the range of p for the existence of the minimal solution, we suppose 

P e _^2 -^ 2 '^ (max{2*(aoo) - 1,0},min{2*(ao) - 1,2* - 1}). (1.17) 

The intersection of intervals in (1.17) is not empty if we assume further that 

ao <2, Ooo > max{0,1 + y}. (1-18) 

Our result of the existence of the second solution is stated as follows. 


Theorem 1.3. Suppose that the function V satisfies (1.5) with oq and a^o given in (1.18), 
p > 1 satisfies (1.17) and kp is given by (1.8) . Then, for k G {0,kp), problem (Pk) admits 
a weak solution u > Uky. Moreover, both u and Uky are classical solutions of (1.9). 


Although we are not able to show kp < k*, we may prove that if p satishes (1.12), problem 
(Pk) admits a solution u such that u > Uky for all k G (0, k*). 

If V is radially symmetric, the range of p can be improved to 


pG ( 


IV Oqq 


N -ao 


) n (max{ 2 *(aoo) 


l, 0 }, 2 *(ao)-l). 


N-2 ’ N-2 


(1.19) 
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Finally, we have the following result for V being radial. 

Theorem 1.4. Suppose that the function V is radially symmetric satisfying (1-5) with 
ao and a^o given in (1.18), p > 1 satisfies (1.19) and kp is given by (1.8). Then, for 
k G (0,kp), problem (P^) admits a radially symmetric solution u > u^y, and both u and 
Uky are classical solutions of (1.9). 

The paper is organized as follows. In Section 2, we show the existence of the minimal 
solution of (Pk). Section 3 is devoted the regularity and stability of the minimal solution. 
Finally, in Section 4 we hnd the second solution of (Pk) by the Mountain Pass theorem. 


2. Minimal solution 

In this section, we show the existence of the minimal solution for {Pk). To this end, we 
construct a monotone sequence of approximating solutions by the iterating technique and 
bound it by a super-solution. The suitable super-solution will be constructed based on the 
following result. 

Lemma 2.1. Assume that the function V satisfies (1.5) with uq < N, aoo > 0, and that 
p> 0 satisfies (1.6). There holds 

G[FGP[5o]] < C2G[<5 o] in \ {0}, (2.1) 

where C 2 linearly depends on ci. 

Proof. Note that 

^i^o]{x) = ( 2 . 2 ) 

by the assumption for p, we have 

where cat > 0 is the normalized constant depending only on N. This implies 

^[Jo] € L^(R^). 


We deduce by (2.2) and (2.3) that 


G[W[<5o]](a: 

< j 

JR 


X ~ y\^ ^ 1 + |yI(-^“2)p+ao 


dy 


— J >+1 
- 




2—(A^—2)p—ao 


;=c^+^ci|xp-(^-2)p-“o 


f 1 1 1 

Jrn \ex — 1 + |y|(.^^-2)p+ao 

/ <l>{x,y)dy, 


dy 


where 

Now, we estimate ^{x,y)dy. We divide it into two cases (i) |x| > 1 and (ii) |x| < 1 
to discuss. 
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In the case (i) \x\ > 1 , by ( 1 . 6 ), {N — 2 )p + ao < N, we have 
/ ^x,y)dy 


< C4 


/ - 

7 


1 


1 


1-|- |x|“°° “o|y|cioo 0,0 |y|(Y—2)p+ao 

1 1 


dy 


= C 4 X 


{N—2)p+ao—N 


'B\:^\ ( 0 ) 

“ 3 “ 


< C4|x|(^-2)p+“0 


-N 


_j_ l^l^oo ^^0 1^1 —2)p+ao 

dz 


dz 


+ 


dz 


Ib, (0) |z|(^-2)P+“0 (g) \z\{N-2)p+a 

1 V ^ 


< 


C5 , 


where 04,05 > 0. 

If y G Bi(ex), we have 
2 


_|_ |;3j|*^oo Q'Oj^l'^oo ^0 —2)p-)-(2o 


< Cq\x 


I ^^0 ^co 


and then 


/ <I>(x, y) dy < 07 |xl“° / 

■IBi (ex) -/-Bi 


(ex) 


lea: - y| 


7V-2 


dy < 08|x|“°’ 


where 05, 07,03 > 0. 

If y G \ (i?i ( 0 ) n 1^1(03;)), we have {N — 2 ){p + 1 ) + Ooo > by ( 1 . 6 ). Therefore, 

Lxb.,., 


where 09, oio > 0. 

By the assumption on p, {N — 2 )p + aoo > N. We conclude that there exists on > 0 such 
that for |x| > 1, 


G[yGP[( 5 o]](a^) < cii max{|xp “°°}<cii|x| 


2-N 


( 2 . 4 ) 


Next, we treat the case (ii) |x| < 1 . 
Apparently, there exist 042,043 > 0 such that 


/ ‘^{x,y)dy<ci2 

Jbi{o) Je 


Bi(o) |y|(^-2)P+'^o 


dy < C43. 


By ( 1 . 6 ), there are 044,045 > 0 such that 


‘Bi (ex) 


^{x,y)dy < C44 


/ 

JBi 


i^x) 


\ex - y\ 


N-2 


dy < C45. 
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For y G \ (i?i (0) H -Bi (e^;)), we have that 


/ ^{x,y)dy 

JR^\(Si( 0 )nBi(e,)) 

'2 '2 


< Ci 6 


/ 


■dy 


RJV\ 5 l( 0 ) 1 + “0|y|aoo ao |y|(iV-2)p+ao+Af-2 

< CiRl2;|(^-2)p+ao-2 f __ 

|z|(^-2)p+ao+Af-2(l + |2|aoc-ao) 


where ci 6 ,ci 7 > 0. 

Consequently, there exists cis > 0 such that for |x| < 1, 

G[FGP[(5o]](x) < cis\x\^~^ 
Therefore, the assertion follows by (2.4) and (2.5). 


(2.5) 

□ 


Now we are ready to prove Theorem 1.1. 

Proof of Theorem 1.1. First, we prove (i). We define the iterating sequence: 

vq := A:G[5o] > 0 , 


and 

Observing that 
and assuming that 
we deduce that 


Vn = G[V<-i\ + kG[5o]. 
vi = G[Fu^] + kG[6o] > Vo, 

Vn-l{x) >Vn-2{x), X G \ {0}, 


Vn = + /i:G[(5o] > G\yv^^_ 2 ] + /cG[(5o] = u„_i. 

Thus, the sequence {vn}n is increasing with respect to n. Moveover, we have that 

[ Vn{-A)Cdx= [ VvP_^^dx + km, VCgCI’^(M^). 

Now, we build an upper bound for {vn}n- For t > 0, denote 

wt = tkPG[VG[6oY] + ^G[(5o] < (c 2 tF + k)G[6o], 

where C 2 > 0 is from Lemma 2.1, then 

G[Vw^] + A:G[(5o] < (c 2 tF + A:)^’G[-FG[5o]^] + A:G[(5o] < wt 
if 

{c2tkP-^ + 1)P < t. 

Now, we choose t such that (2.9) holds 

'-( 

< p V p 


( 2 . 6 ) 


(2.7) 

( 2 . 8 ) 


(2.9) 


If p > 1, since the function f{t) = {^{^-^)P + 1)^ intersects the line g{t) = t at the 


unique point tp, we may choose that 


-1 / 1 1 P -1 


C2kP-^ < 


P \ P 


p-i 


and tp = 


P 


p-l 


( 2 . 10 ) 
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If p = 1, we choose ci > 0 small such that C2 < 1 and 

1 


Finally, if p < 1, for t > 1, we have 

(c2tF-^ + If < (C2F-1 + IftP, 

so we may choose 

tp = (c 2F"^ + l)i^. 

Hence, for tp we have chosen, by the definition of wt ^,, we have wt^ > vq and 
VI = G[Hng] + A;G[<5o] < G[Hu;fJ + kG[6o] = wt^. 

Inductively, we obtain 

Vn < Wtp (2.11) 

for all n G N. Therefore, the sequence {vn} converges. Let Uky ■= hm^^oo'i’n. By (2.8), 
Uky is a weak solution of (Tfc). 

We claim that Uky is the minimal solution of (Pk), that is, for any positive solution u of 
(Pfc), we always have Uky < u. Indeed, there holds 

u = G[HF] + A:G[(Io] > uo; 

and then 

u = G[VuP] + kG[6o] > G[I/ug] + kG[5o] = vi. 

We may show inductively that 

U>Vn 

for all n G N. The claim follows. 

Similarly, if problem (Pk) has a nonnegative solution u for ki > 0, then (Pk) admits a 
minimal solution Uky for all k G (0, fci]. As a result, the mapping k 1-^ Uky is increasing. 
So we may define 

k* = sup{A; > 0 : (Pk) has a minimal solution for k}, 
which is the largest k such that problem (Pk) has minimal positive solution, and k* > 0. 

We remark that in the cases 0 < p < 1 and p = 1, ci >0 small, we may always hnd a 
super-solution wt^- Hence, there exists a minimal solution for all /c > 0, that is , /c* = 00. 

Now, we prove that k* < +00 if p > 1. Suppose on the contrary that, problem {Pk) 
admits a minimal solution Uky for k > 0 large. We observe that 

Uky > A:G[(5o]. 

Let xq G suppH be a point such that xq 7^ 0, H(xo) > 0 and for some r > 0 such that 

V{x) > Vx G Hr(xo). 

Denote by rjQ a function such that 

r]Q{x) = 1, X G Hi(0) and r]Q{x) = 0, Vx G \ ^2(0). 

Let ry^(x) = ??o(^Tp) and 

(r{x) = G[xBr{xo)]Vo{x) € C]’^(]R^) 
for R > r, where xo is the characterization function of H. Thus, 
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Taking as a test function with i? > 4r, we obtain 

I Uk,vdx+ I Uk,v{-A)^Rdx = I Vuly^Rdx + k^R{0). ( 2 . 12 ) 

J Br{xo) J B 2 R(xo)\Bji{xo) Jr^ 

For X G B2r{xo) \ Br{xo), we have 

|(-A)^H(a;)| < |VG[xs,(a;o)] • + \^[XBr(xo}]i-^)doix)\- 

Since 

|Vt/^(x)| < \A)r]^{x)\ < |VG[xb,(^o)]| < and |G[xs,(xo)]| < 

there exists cig > 0 such that 

l(-A)Cfl(a^)| < cigR~^ 

for X G B2r{xq) \ Br{xo). Since Uky is a weak solution, we have 

lim sup Uky{x) = 0, 

R-^+°o x^^n\b^{0 ) 


which yields 


lim 

R —^-|-oo 


/ 

Jb- 


' B2R{xo)\Bii{xo) 

Let R +00 in (2.12), we see that 


Uky{—A)^Rdx = 0. 


r[xa) 

By (2.11) and the fact that 


/ Ukydx= VulyG[xBr{xQ)]dx + kG[xBr{xo)]{0)- 
JbJxo) 


Uky > A:G[5o] and G[xs,(xo)] > 0; 

we obtain 

/ Ukydx>kP~^ f VukyG[do]P~^G[xBr{xo)]dx + kG[xBr{xo)]i^) 

JBrixo) JR^ 

> C 2 okP~^ / Ukydx + A:G[xb,( 2 ,q)]( 0) 

J Br{xo) 

with C20 > 0, which is impossible if k is sufficient large. The assertion follows. 

Next, we prove (m). Let Vi > V 2 and Uky^ be a positive solution of problem (P^) with 
V = Vi- Therefore, Ufc,Vi is a super-solution of (Pk) with "F = V2. It implies that problem 
(Pk) with F = V2 has a minimal solution Ufc,V2 — Uky^- This shows that the mapping 
F 1-^ A:* is decreasing and the mapping F i-)- Uky is increasing. 

Finally, we show {iii) is valid. In fact, if F is radially symmetric, so is Vn, which is 
defined in (2.6) since vg is radially symmetric. It follows that the limit Uky of is radially 
symmetric too. □ 

_i_ 

For future reference, we remark that for p > 1 and k G (0, kp] with kp := {c 2 p) 
the minimal solution Uky verifies 

Uky < wtp < C2 iA:G[5o] in \ {0} (2-13) 

for some C21 > 0 depending only on kp. Thus, Vuky is locally bounded in \ {0}, which 
allows us to show that Uky is a classical solution of (1.9). 
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3. Properties of minimal solutions 


In this section, we establish the regularity and the decaying law for weak solutions, as 
well as the stability for the minimal solution. 

First, we have the regularity results for weak solutions of (Pfc)- 

Proposition 3.1. Assume that the function V satisfies (1.5) with aoo > Ro OLiT-d oo £ 
and 

Then, any positive weak solution u of (Pk) is a classical solution of (1.9). 

Proof. Let u be a weak solution of (Pk). Since Vu^ G u can be rewritten as 

w = + A:G[(5o]. 

For any xq G \ {0}, let tq = jlxol- Then, we have that for any i G N, 

U = + ^G[(5o] 

and F G \ {0}). 

For X G i?2-iro(®o)) we have that 

CNV{y)uP{y) 


0 


\x-y\ 


N-2 


dy, 


then 


(3.2) 


< CiWuP\\L^B2rfixo))^ 
where Cj > 0 depends on i. Obviously, there holds for some Cj > 0 depending on i 

ll^^[<^o]||c2(R2-i+irQFo)) - *^*1^01^ (3.3) 

By (in) of Proposition 5.1, Vu^ G L'?°(i?2rQ( xq)) with qq = ^(1 + > 1- We iterate 

by Proposition 5.1 that 

^[XB 2 ro(xo)'^uP] G LP^{B2ro{xo)) with pi = 


N - 2 qo 


Similarly, 

and 


G {Bro{xo)) with qi = —, 


^[XBrJxo)yuP] G LP^iBrfixo)) with p2 = 


Nqi 


N - 2 qi 


Let qi = ^. If N — 2qi > 0, we obtain inductively that 


and 


VuP e L^fiB^-i,(xo)) 


G-[XB^_i^fixo)V'^^] G L^‘^HB2-iro{xo)) with Pi+I = 


Nq^ 


N - 2 qi 


We may verify that 


qi+i 1 N 


1 N 

> -VT-^ > 1. 


qi pN - 2 qi pN - 2 qi 


lim qi = +00. 
2^ + 00 


Therefore 
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So there exists zq such that N — 2qi^ > 0, but N — < 0, and we deduce that 

As a result, 

u{xo) < Ciol|G[5o]||L-(B2,g)(xo) + c*oll^''^^llLi(S 2 r-o)(xo) ^0 as |xo| ^ +00 

and 

VvF 

On the other hand, by Proposition 5.2, 

|VG[x„ i.,)VuP]\ € L-(i?2-.o.o(^o)). 

z u rQ 

By elliptic regularity, we know from (3.3) that u is Holder continuous in B 2 -iQy.^{xQ), so is 
Vu^. Hence, tt is a classical solution of (1.9). □ 

Next, we study the singularity of the weak solution of (Pfc) at the origin and the decay 
at inhnity. 


Lemma 3.1. Suppose that the function V satisfies (1-5) with oq and floo given in (1.18), 
and p > 1 satisfies (1-17) and (3.1). Let u be a weak solution of (Pk). Then 

sup u{x)\x\^~‘^ < + 00 . (3.4) 

xeK^\{o} 


Proof. It is known from Proposition 3.1 that tt is a classical solution of (1.9). So we focus on 
the problems of the singularity of the weak solution at the origin and the decay at inhnity. 
We hrst consider the singularity at the origin. We claim that 

lim u(x)\x\^~‘^ = c^k. (3.5) 

|a:|—>-0+ 

Indeed, since G[PnPxK^\Bi(o)] ^ C'^(-®i(0)) A:G[5o](a^) = CNk\x\^~^, we see from 

u = G\y u^xbi(o)\ + A:G[(5o] + <G[Pn^XK^\Si(o)] (3-6) 

that it is sufficient to estimate G\yu^XBiio)] in Pi(0). Let 

ui = G[Pu^’xi?i(o)]- 

We infer from Vu^ G L^°(Bi(0)) with sq = \ > 1 and Proposition 5.1 that 

ui G L^^P{Bi{0)) and G L^^{Bi{0)) with 


1 N 

= “A?—^'* 0 - 
p N — 2so 

By (3.6), 

<C 22 iui + k^G^[5xo] + l) in Pi(0), 
where C 22 > 0. By the dehnition of ui and (3.7), we obtain 

ui < C22(G[n^] + A:PG[HG^[5o]] + G[x_b^(o)])) 

where 

GIxb^]] e L°^{Bim, FG[HGP[5o]](x) < 

and 

(2 - N)p - 00 + 2 > 2 - iV. 

If Si > ^Np, by Proposition 5.1, ui G L°°{B 2-1 (0)) . Hence, we know from (3.8) that 

'«i(a:) < C24|x|(2-^iP-“°+2 


(3.7) 

(3.8) 


(3.9) 
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in i? 2 -i( 0 )- Since (2 — N)p — ao + 2>2 — N,we deduce from (3.6) and (3.9) that (3.5) 
holds. 

On the other hand, if si < ^Np, we proceed as above. Let 

U2 = G[xb^_-,{o)u{]- 

By Proposition 5.1, U 2 G L® 2 P(B 2 -i( 0)), where 

1 IVsi ^ N ^ fl N Y 
“ pNp- 2si ^ N-sq^^ ^ [j)N-2so) 

Inductively, we dehne 

_ 1 NSm-l ^ fl N 
pNp-2sm-i \pN-2so) 

So there is niQ G N such that 

Smo > -Np 

and 

Umo ^ L°°(i? 2 -mo-l ( 0 )). 

Therefore, (3.5) holds. 

Next, we establish the decay at infinity, that is, 

limsupii(x)|x|^“^ < + 00 . (3.10) 

|a;|—>-+oo 

It is known from Proposition 3.1 that u G \ {0}) and 

lim u{x) = 0. (3-11) 

|a;|—>-+oo 

We divide the proof into three parts in accordance to aoo'- (a) Ooo > (b) Ooo G (2, A^]; 

(c) Ooo G (0,2]. 

Case (a) Ooo > Let 

ipo(x) = \x\^~^ — for \x\ > 2. 

There exists C 25 > 0 such that 


-AV^o(a;) > C25|®| 

By (3.11) and the assumption on V, there exist constants A, B > 1 such that 

V(x)u^(x) < if |x| > 2 and u(x) < B{2^~^ — 2 ^““°°) if \x\ = 2. 

By the comparison principle, 

u{x) < ABijjQ < AB\x\^~^ if |x| > 2. 

Case ( 6 ) Ooo G {2,N]. Let 


n 


2 clqo if floo G (2, A), 
i( 2 -A)if ao, = N, 


and denote 


V’i(x) 


x 


n 


Hence, there exists C 26 > 0 such that 

-Ai/>i(a;) > C 26 |a;|““°°, 
We may find constants A,B>1 such that 

V{x)vP{x) < A\xY^~‘^ if \x\ > 1 and 


x 7^ 0. 
u{x) < B 


if 


x\ > 1. 
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By the comparison principle again, 

u{x) < ABil!i{x) for l^l > 1 . 

Now, we denote 

T2 = 2 - Ooo +PTl. 

If T 2 G [-iV,-2), let 

'tp2{x) = \x\"^. 

Repeating the above argument, we obtain 

u{x) < C2 q'4 ^2 {x) if |x| > 1. (3-12) 

Inductively, we dehne 

Tj — 2 Uo^-t- pTj — 1. 

There exists jo € N such that > —N and < —N. If rjp_i > —N^ we proceed as 


above. If rjg < —N, set 


{x) = \x 




We reduce the problem to the case (a) Uoo > N. Then, (3.10) holds. 
Finally, we consider the case (c) Ooo G (0,2]. 

For \x\ > 2 fixed, let ro = where ^ G (0,1). Therefore, 


G[VuP]ix) = [ 

Je 


Cn 


^V{y)u^{y)dy + 


CN 


Bro(x) \x-y\^-'^' ' 7 Riv\B,p(x) \x-y\ 

< C 27 (\x\ - ro)"“°° \\u\\loo^BAx)fo + 


■^V{y)vF{y)dy 


N-2 


and 

imply that 


u = G[Vu^] + kG[6o] and G[(5o](a:) = CAr|a: 


2-N 


|2 ^ if ^0 := (1 + _)a^ > AT _ 2 , 


U < C29|x| 

in this case we are done; and 

u{x) < C 3 o|a;|“'^° if 70 < N" — 2 . 

1 , , ctoo+PTn ^ I 

In the case Ooo +P 7 o < 2, let ri = ^\x\ n , where g (0,1). We have 

Cat TTf \ V/ \ 1 . f Cn 


G[RuP](x) = 


;V{y)uP{y)dy + [ 


JBr^(x)\x-y\^ ^ jRN\BrAx)\^-y\^ 

< C3i(|x| - + cnt^-^WVuP 


^V{y)uP{y)dy 


which implies that 

u{x) < C 33 |x|“'^\ 

where 71 = (1 + A)[aoo+Plo)- 

Inductively, we define Vj = \x\'^i with 7 ^ = (1 + ^){aoo +P7j)- There exists jo G N such 
that Ooo + Pljo-i < 2 and Ooo + P7jo > 2. In the former case, we iterate as above; in the 
latter case, we have 

V{x)nF{x) < C 34 |x|“°°’''^'’'-’'o. 

By the proof of (5), (3.10) holds. The proof is complete. □ 

Now, we deal with the stability of the minimal solution of [Pk)- 
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Proposition 3.2. Assume that the function V satisfies (1.5) with oq < min{2,aoo}j p > 1 
satisfies (1-17) and k £ {0,k*). Then, any minimal positive solution u^y of (Pk) is stable. 
Moreover, 

[ \V^\‘^dx-p [ Vul~yfdx>C3[ik*)'^-k'^][ \V^\‘^dx, £ V^'^{R^)\{0}. 

Js.^ Jrn ’ Jrjv 

(3.13) 

Proof. We divide the proof into two parts. At first, we show the stability of the minimal 
solution for fc > 0 small; then, we prove this is true for full range k £ (0,k*). 

Now we show for k > 0 small, the result holds true. By (2.13), for A; > 0 small, 

Uky{x) < C 3 ^k\x\^~’^ in \ {0}, 

where C 35 > 0 is independent of k. Therefore, 




-1 


we note for 


p£ ( 


1 —j— ^0 

^ ^00 ^ ^0 \ 


(3.14) 


N-2 ’ N-2 

there holds 

(2 — A^)(p — 1) — oo > —2 and (2 — A^)(p — 1) — a^o < —N. 
It implies from (3.14) that 


2 ■ 


(3.15) 


Hence, for any ^ G C'c’^(M^), by (3.15) and the Hardy-Sobolev inequality, we deduce for 
A: > 0 small that 


f Vulyf,'^dx<c^^^cikP ^ 






(3.16) 


/k^ fI PJrn 

Inequality (3.16) holds also for ^ £ I1^’^(M'^), which means that Ukv is a semi-stable 
solution of (Pfc) for k > 0 small. Indeed, by a density argument, taking {.^n}n in C'c’^(K'^) 
so that ^ in P^’^(M'^), and replacing ^ in (3.16) by the result follows by passing 

the limit. 

Next, we prove the stability of minimal solutions for all k £ (0, A:*). Suppose that if Uk is 
not stable, then we have that 

Vivepdx 


Ai 


inf 


< 1 . 


(3.17) 


5ei5n2(KiV)\{o} p Vul y^fi dx 

By the compact embedding theorem in section 4, Ai is achieved by a nonnegative function 
satisfying 

-A^i = XipVul)yf,i. 

Choosing k £ [k, k*) and letting w = Uf^y — u^y > 0, we have that 

w = G[Vul ^ - Yuly] + {k- A:)G[<5o]. 

By the elementary inequality 

(a -|- by > aP + paF~^b for a, 6 > 0, 


w > yw\ + {k — A;)G[5o]. 


we infer that 
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Choosing t > 0 small, we obtain 

Ai / pVvf^Ty w^i dx = / {—A)w^idx 
Jrn ’ Jrjv 

> [ pVul~yW^idx + {k - k)^i{0) > [ pVul~yW^idx, 

JmN ’ jrjv 

which is impossible. Consequently, 

p [ yufv^^dx < I \V^\^dx, ve G \ {0}. 

JrN ’ JrAT 

Finally, we prove (3.13). For any k G (0, A;*), let k' = > k and Iq = (p)p < 1. 

Hence, there exists a minimal solution uyy of [Pk) for k' < k*, and the minimal solution 
uyy is stable. Noting that k — k'l^ = 0, we deduce 

huyy > loUk'y 

= (G[Vul, y] + k'G[So]) +{k- k'lP)G[6o] 

= G[V{louyyr] + kG[6o], 

that is, loUk'y is a super-solution of (Pk) for k. Therefore, 


louyy > Uky- 

So for ^ G ^ |Q|^ 

0 < / \VC\^dx-p [ VulvU^dx 

\S/i\^dx-pll~^ f Vul~yi‘^dx 


< 

- 

— ‘o 


It" 


\Vi\^dx-p Vultedx 


It implies 


/ iV^pdx-p/ Vultedx 

= {l-lP-^)[ \VC\^dx-p[ Vulttdx 

JrN I J^N JrJV 

[ mi^dx, 


which together with the fact 

1 - > C3G[{k*fr - A: V], 

implies (3.13). The proof is complete. □ 


Corollary 3.1. Assume that p > 1, the function V satisfies (1.5) with oq < min{2,aoo}- 
Then, for k G (0, A:p), the minimal solution Uky of (Pk) is stable and satisfies (1.9) as well 
as (3.13). 


Proof. Since for k < kp, the minimal solution Uky of (Pk) is controlled by Wt^, this yields 
Vuky G \ {0}). It follows by Proposition 5.1 and Proposition 5.2 that Uky is 

a classical solution of (1.9). The rest results follow by the proof of Proposition 3.2 and 
(2.13). □ 
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Proof of Theorem 1.2. The assertions in the theorem follow by Proposition 3.1, Proposition 
3.2 and Corollary 3.1. □ 


4. Mountain-Pass solution 

In order to find the second solution of [Pk), we try to find a nontrivial function u so that 
Uk,v + 11 is a solution of (Pk), which is different from the minimal solution Uky of (Pk)- We 
are then led to consider the problem 

-Au = V{uky+ u+)^-Vul y in 

lim u{x) = 0. 

|3:|—>-+oo 

It is adequate to find a nontrivial solution of (4.1). Intuitively, the cancelation of the 
singularity of Uky in the nonlinear term on the right hand side of (4.1) allows us to hnd a 
solution of (4.1) as a critical point of the functional 

E{v) = ^ f \Vv\‘^dx- f VF{uky,v+)dx (4.2) 

2 jRiV JrJV 

defined on where 

F{s,t) = ^[{S + -{p + 1)5^4] . (4.3) 

p + 1 

Let Vq be given in (1.5) and denote by L'?(R^, Vodx) the weighted space defined by 

,Vodx) = {u : [ Vo|u|'^ dx <+oo}. 

We may verify by the following lemma that the functional E is well-defined on 'D^’‘^{R^). 

Lemma 4.1. Let gq < 2, Ooo > max{ao,0} and p > 1 satisfy (1-17). Then the inclusion 
T>1’2(M'^) Vb dx) is continuous and compact. 

Proof. For /3 G (0,2), it follows by Holder’s inequality, the Hardy inequality and the Sobolev 
inequality that 



We claim that the inclusion D^’^(M'^) L'?(R^, Vbdx) is continuous if 

max{2*(acxD), 1} < g < min{2*(ao),2*}. 

For ^ G if 0 < oo < 2, by (4.4), 

ll?llL2*(“0)(Bi(0),|a:|“0dx) — ll^ll (“o) (R^,|x|“0dx) — ^36 11 '^ ||T'l.2(iRAr). 
If Oo < 0, by Sobolev inequality, 

ll'^llL2*(Bj(o),|x|“Odx) — II?IIl2*(Bi(0)) — C36||?||x>L 2(RJV)- 
Using Holder’s inequality, we obtain 

ll'^llL+Bi(0),|x|“Od+ < C 36 ||'^|lL 2 *(ao)(Bj(o),|a;|aodx) ^ C36 ||^||x,i,2(RiV). 
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Moreover, for Ooo G (0)2], we have 2*(aoo) < 9 < 2*, by Holder’s inequality and (4.4), 


/ 

Jm 


R^\Bi(0) Jrn\Bi{0) ^ ’ 

where t = N — < a^o- The case Ooo > 2 can be reduced to the case a^o £ (0, 2], 

In conclusion, for all the cases, we have 

ll‘^llL9(Bl(0),|x|“0dx) < C36||)^||x>1.2(RiV), ll‘^llL2*(RjV\Bj(0),|j;|aoorfa;) 2(R^)- (4.5) 

Combining with the fact that 


lim VQ{t)t°'° = Cl and lim V))(t)t“°° = ci, 

t^0+ t^+oo 


then the claim is true. 


We next show that the inclusion T>^’^(M'^) L'^(M'^, Vodx) is compact if 

max{2*(aoo), 1} < Q < min{2*(ao), 2*}. (4.6) 

Let {^n}n be a bounded sequence in P^’^(M-^). For any e > 0, there exists R > 0 such 
that for T = < aoo, 


[ dx < f 

jR^\Bii{0) Jw 


\W^\x\-^ dx < cii-“°°+^ < -. (4.7) 

/RJV\Bfl(0) 2 

By the Sobolev embedding, ^ in H^{Br{0)) up to a subsequence. This, together with 
(4.7), yields the result. 

□ 

.,P-^ 


Corollary 4.1. The inclusion id: ^ L^(]R'^, Vott| y dx) is continuous and com¬ 

pact if k < kp. 

Proof. Since Uky{x) < C 2 iCNk\x\‘^~^ if k < kp, there exists C 38 > 0 such that 

limsupu?“y^(x)Vb(ai)|x|“°+(^“^L^-2) < 


|x|->'0+ 


and 


limsuptt^ y (x)Vb(ai)|ai|“°°’'"^^ < C 38 , 

|x|—>-+oo 

By the proof of Lemma 4.1, we see that the inclusion id is continuous and compact if 

max{2*(ooo + {p - 1)(^ - 2)), 1} < <7 < min{2*(ao + {p - 1)(A^ - 2)), 2*}. (4.8) 

This is the case if g = 2. The assertion follows. □ 

Proof of Theorem 1.3. Now we prove Theorem 1.3 by the Mountain Pass Theorem. 
For any e > 0, there exists Cg > 0 such that 

0 < F{s, t) < (p + e)s^~^t‘^ + s,t > 0 

By (1.5) and Lemma 4.1, for any v G P^’^(R'^), 

[ VF{uky,v+)dx<{p-\-€) f Vul~yv'^dx + Ce [ Vv^^dx (4.9) 

JRJV JrJV ’ jRiV 

< Ce||u||x,l,2(RJV), 

where c^ > 0. It implies E is well-defined and we verify that E is on P^’^(M'^). 
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Let V € be such that ||p||x>i.2(RiV) = 1. For k G {0,kp) and e > 0 small enough, 

we infer from Corollary 3.1 that 

- / VF{uk,v,tv+)dx 

^ - (p + e) /" Vovl~^v‘^dx] - [ Vo\v\P~^^dx 

^ ^ JRN J JrN 

^ C3gt ||u 11251,2(-RAT) ~ C4qF ||'1 ’||^i, 2 (rJV) 

= Csgt^ - 

where C3g,C4o > 0. So there exists tg > 0 small such that 

E{tov) > ^4 =: /3 > 0. 

On the other hand, we fix a nonnegative function vg G with ||i;o|| 251,2 (rjv) = 1 

and its support is a subset of the suppF. Since (a + b)^ > + IF for a,b>0 and p > 1, 

F(uk,v,tvo) > - (p + l)u^ ytvo^ , 

There exists T > 0 such that for t > T, 

f f 

= 77ll^^o||pi.2«jv', - / VF{uky,tvo)dx 

< ylko||pi.2(RiV) - [ VyP-^^dx + t j Vul yVgdx 

^ ^ p + i Jrjv Jriv 

< 0 . 

Choosing e = Tvg, we have E{e) < 0. 

Next, we verify that E satisfies {PS)c condition, that is, for any sequence {u„} in 
pi,2(]^Af) that E{vn) —>■ c and E'{vn) ^ 0 as n —>■ oo, {vn}, which is called a {PS)c 
sequence, contains a convergent subsequence. 

Let {vn} C be a {PS)c at the mountain pass level 

c= inf max E('y(s)), (4.10) 

76rse[o,i] 

where F = {7 G ^([0,1]; : 7(0) = 0, 7(1) = e}, and c> p. 

By (3.13) and the inequality, see [22, C.2 (iu)], 

f{s, t)t - (2 + Cp)F{s, t) > s,t>0, 

where Cp = min{l,p — 1}, we deduce from E{vn) c, E'{vn) —>■ 0 that for 044,042 > 0, 

O41 + O41 IIOjj||2)l,2('RAr) > ~||Pn||'pl,2iRAr'\ / 4 ^ [(2 T Op)F'(u/j,\/, (Ofi)-!-) /(u/j^y, ('Ufi)-|_)(Un,)-|_] dx 

ll^n|||,l,2(RiV) -P / VuVyvldx 

^ V ^ ' Jr^ j 

II j 12 

— C42^||Pn|lx>l.2(RJV). 

Therefore, Vn is uniformly bounded in 'D^’^(M'^) for k G {0,k*). We may assume that there 
exists V G X’^’^(M'^) such that 

Vn ^ V in X>^’^(M'^), Vn ^ V a.e. in M^. 
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By Lemma 4.1, 

Vn^v in ^VQvFfTydx) and ,Vodx) as n —> oo. 

Invoking the inequality 


\F{uk,v,Vn) - F{uky,v)\ 

= + iVn) + T - {Uk,v + V+Y - ijp + l)uly{{Vn)+ - U+)| 

< {p + e)ul~y{{Vn)+ - v+f + CY{Vn)+ “ , 

we have 

F{uky,Vn) ^ F{uky,v) a.e. in and ,Vodx). 

This, together with limn^oo E{vn) = c, implies ||un||x(i. 2 (ffiiv) —>■ ||u||x(i. 2 (ffiiv) as n —)• oo. 
Hence, Vn ^ v in as n ^ oo. 

By the Mountain Pass Theorem in [2], there exists a nontrivial critical point G 
pi,2(]^iV) q£ which is nonnegative. Thus, Vk is a weak solution of (4.1). Hence, 


/ V{uky + Vk) ■(f dx 
Jm.n 


/ V{uky + Vk)^‘fdx 
Jm.n 


(4.11) 


for tp G with 0 ^ suppy?. We may show as (2.3) in [11] that for any xq 7 ^ 0 and 

r < ^|xo|, there holds 


sup |tt(x)| = lim ( / V{x)\u{x)\^ dx). 

|3;-xo|<r g-^+oo J B^{xo) 


By the assumption that p < ypYf Uky{x) < C 2 ik\x\^ ^, there exists g > y such that 


y<y^LlYR^\{0}). 

Therefore, we deduce by the Moser-Nash iteration, see for instance [11, 14], that Uky + Vk G 
\ {0})i from this Uky + Vk G \ {0}). Moreover, by Theorem 2 in [11] we 

have 

limsup(ttfc^y + Vk)\xY~‘^ < + 00 , 

|a;|— 1-+00 

implying 

V{uky+VkY^LYR^). 

In conclusion, 

[ {uky + Vk){-A)Cdx= [ V{uky + VkY^dx + km, G ^^(M'^). (4.12) 

JR^ 

This means that Vk + Uky is weak solution of (Pk), and also implies y is a classical 

solution of (1.9). The maximum principle yields Vk > 0, and then Vk + Uky > Uky- So we 
obtain two positive solutions of (Tfc). □ 

Finally, we consider the case that V is radially symmetric. Denote by Ilr’^(lR^) the 
closure of all the radially symmetric functions in C'“(M'^) under the norm 



Suppose oo < 2 , OcxD > max{ao,0} and p satisfy (1.19), we may show that the inclusion 
'Dr’^(K'^) ,Vdx) is continuous and compact. 
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Proof of Theorem 1.4. Since V is radially symmetric, so is the minimal solution Uky of 
(Pfc) for k G { 0 ,kp]. The solution u^y is also stable. By the Mountain Pass Theorem, we 
may find a critical point of the functional 

Er{v) = l: f iVupdx- [ VF{uky,v+)dx ( 4 . 13 ) 

^ Jrn J^n 

in The rest of the proof is similar to the proof of Theorem 1 . 3 , we sketch it. □ 

5. Appendix: Regularities 

We recall G{x, y) = the Green kernel of —A in x M^, G[-] the Green operator 

defined as 

^[f]{x)= j G{x,y)f{y)dy. 

Proposition 5.1. Suppose that R C is a hounded domain and h G L^(R). Then, there 
exists C 43 > 0 such that 

(i) 

1 2 

l|G[/l]||ioo(f^) < C 43 ||/l||x,s(Q) if - < 

(m) 

112 

II'G[^]||lRU) < C43 ||h||L.(n) if — and s > 1; 

{Hi) 

l|G[/l]||ir(Q) < C 43 ||/l||x,l(Q) if !<- + —. 

Proof. First, we prove (5.1). By Holder’s inequality, for any x G R, 


(5.1) 

(5.2) 

(5.3) 


G{x,y)h{y)dy 


L°°(U) 


< 


( [ G{x,y)^'dy)^ { j \h{y)\^dy) ^ \\ 

Jfi Jfi 


< CAr||/l||is(Q) 


/u \X - ?/|(^-2) 


-dy 


L°°(U) 


where s' = Since 4 < ^, (A — 2)s' < N, we have 

where 044,045 > 0 and d = sup{|x — y\ : x,y € R}. Then (5.1) holds. 
Next, we prove (5.2) for r < s and (5.3) for r = 1. There holds 

1 


G{x,y)h{y)dy 


dx 


< CN 


= CN 


/ G{x,y)h{y)xn{x)xn{y)dy 

I \[ 

/ [/ 


dx 


h{y)xn{x)xn{y) 


\x — y\^~‘^ 
h{x - y)xn{x)xn{x - y) 


dy 


dx 
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By the Minkowski’s inequality, we have that 


In 


G{x,y)h{y)dy 


dx 


< CN 


< 


f r f - y)xn{x)xnix - y) 

CN / h''{x - y)xn{x)xn{x - y)d: 

Jn 


dx 


dy 


1 


|y| 


N -2 


dy 


< CN\\h\\L’-{n) < C46||^||l»(0), 

where c^q > 0 Cl = {x — y : x, y & Q} is bounded. 

Finally, we prove (5.2) in the case r > s > 1 and ^ < y + ;^, and (5.3) for r > 1, 1 < j + ^ 
We claim that if r > s and ^ ^ the mapping h —>■ G(/i) is of weak-type (s, r*) in 

the sense that 


Ijx G n : |G[/i](x)| > t}\ < (74* 

where constant > 0 
Denote for v > 0 that 

Go{x,y) = 


L'*(n) xr 


t 


Y , he L"(D), all t > 0 , (5.4) 


G{x,y), if \x-y\<iy, 

0 , if \x — y\ > 12 

and Goo{x,y) = G{x,y) — Go{x,y). Then, we have 

Ijx G D : |G[/i](x)| > 2t}| < |{a; G D : |Go[/i](x)| > t}| + |{x G D : |Goo[h](x)| > t}\, 

where Go[h] and Goo[h] are defined similar to G[/i]. 

By the Minkowski’s inequality, we deduce 


|{a; G D : |Go[/i]( 3 :)| > t}\ < 


< 


lnXB,{x-y)\x-y\ \hiy)\dy\\Y^^.^ 




ilniln - y)\'dxYs\y\‘^ ^XBAy)dy] 


< 


< 


-fs,, 1*1 


~^~^‘^dx 




= C 47 - 


L‘>{n)'- 




On the other hand, 

||Goo[h]||Loc(f^) < II [ XB-{x-y)\x-y\‘^~^\h{y)\dy\\L^^Q) 

Jn 


In 

<(/ \h{y)\^dy)-s\\{[ \x-yY-^^^'dy)- 

Jn Jn\B^{y) 

2 -e 


\L°°{n) 


< C48||/l||7,s(Q)Z/- , 

where s' = if s > 1, and if s = 1, s' = 00 . Choosing 12 = 

II‘^oo[^]||l°°(C2 ) < t, 


C48ll'I||LS(r!) ■ 


, we obtain 


that means 


|{x G D : |Goo[/i](x)| > t}| = 0. 
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With this choice of p, we have that 


IS j^2s 

|{x € : \G[h]\ > 2t}\ < C49 " < C50 


L=(0) 


t 


The claim for r > s follows by the Marcinkiewicz interpolation theorem. □ 

Proposition 5.2. Suppose that n C is a bounded domain and h G L^{Q.). Then, there 
exists C 51 > 0 such that 

(i) 

||VG[h]||£,oo(Q) < C5i||h||£s(Q) if “ < 

(m) 

1 1 1 


||VG[/i]||ir(Q) < C5i||/i||is(!^) if — and s > 1; 

||VG[/i]||x,r(Q) < C5i||/i||x,i(n) if + 


{Hi) 

Proof. Since 

and 

\'^xG{x,y)\ = cn{N - 2)\x - y\^~^, 
then the conclusions follow as the proof of Proposition 5.1. 


|VG[h](x)| = | / V,G(x,y)%)dy| < / \V,Gix,y)\\h{y)\dy 


(5.5) 

(5.6) 

(5.7) 


□ 


References 

[ 1 ] P. Aviles, Local behaviour of the solutions of some elliptic equations, Comm. Math. Phys. 108, 177-192 
(1987). 

[2] A. Ambrosetti and P. Rabinowitz, Dual variational methods in critical point theory and applications, 
J. Fund. Anal. I 4 , 349-381 (1973). 

[3] P. Baras and M. Pierre, Singularite seliminables pour des equations semi lineaires, Ann. Inst. Fourier 
Grenoble 34 , 185-206 (1984). 

[4] P. Baras and M. Pierre, Critere d’existence de soltuions positive pour des equations semi-lineaires non 
monotones, Ann. Inst. H. Poincare Ana. Non lineaire 2, 185-212 (1985). 

[5] Ph. Benilan and H. Brezis, Nonlinear problems related to the Thomas-Fermi equation, J. Evolution Eq. 
3, 673-770, (2003). 

[6] M. F. Bidaut-Veron, N. Hung and L. Veron, Quasilinear Lane-Emden equations with absorption and 
measure data, J. Math. Pures Appl. to appear. 

[7] M. F. Bidaut-Veron and L. Vivier, An elliptic semilinear equation with source term involving boundary 
measures: the subcritical case. Rev. Mat. Iberoamericana 16, 477-513 (2000). 

[8] H. Brezis, Some variational problems of the Thomas-Fermi type. Variational inequalities and comple¬ 
mentarity problems, Proc. Internal. School, Price, Wiley, Chichester, 53-73 (1980). 

[9] L. Caffarelli, B. Gidas and J. Spruck, Asymptotic symmetry and local behaviour of semilinear elliptic 
equations with critical Sobolev growth. Comm. Pure Appl. Math. 42, 271-297 (1989). 

[10] C. Chen and C. Lin Existence of positive weak solutions with a prescribed singular set of semilinear 
elliptic equations, J. Geometric Analysis 9, 221-246 (1999). 

[11] H. Egnell, Asymptotic results for finite energy solutions of semilinear elliptic equations, J. differential 
equ. 98, 34-56 (1992). 

[12] B. Gidas and J. Spruck, Global and local behaviour of positive solutions of nonlinear elliptic equations. 
Comm. Pure Appl. Math. 34, 525-598 (1981). 

[13] A. Gmira and L. Veron, Boundary singularities of solutions of some nonlinear elliptic equations, Duke 
Math. J. 64 , 271-324 (1991). 

[14] Q. Han and F. Lin, Elliptic partial differential equations, American Mathematical Soc. 1, (2011). 

[15] P. Lions, Isolated singularities in semilinear problems, J. Differential Equ. 38(3), 441-450 (1980). 




Weak solutions of semilinear elliptic equation involving Dirac mass 


23 


[16] M. Marcus and L. Veron, The boundary trace of positive solutions of semilinear elliptic equations: the 
subcritical case, Arch. Rat. Mech. Anal. 144, 201-231 (1998). 

[17] M. Marcus and L. Veron, The boundary trace of positive solutions of semilinear elliptic equations: the 
supercritical case, J. Math. Pures Appl. 77, 481-524 (1998). 

[18] M. Marcus and L. Veron, Removable singularities and boundary traces, J. Math. Pures Appl. 80, 879- 
900 (2001). 

[19] M. Marcus and L. Veron, The boundary trace and generalized B.V.P. for semilinear elliptic equations 
with coercive absorption, Comm. Pure Appl. Math. 56, 689-731 (2003). 

[20] R. Mazzeo and F. Pacard, A construction of singular solutions for a semilinear elliptic equation using 
asymptotic analysis, J. Differential Geom. 44, 331-370(1996). 

[21] Y. Naito, Self-similar solutions for a semilinear heat equation with critical Sobolev exponent, Indiana 
University mathematies journal 57, 1283-1315(2008). 

[22] Y. Naito and T. Sato, Positive solutions for semilinear elliptic equations with singular forcing terms, J. 
Differential Equ. 235(2), 439-483 (2007). 

N 

[23] F. Pacard, Existence and convergence of positive weak solutions of — Au = in bounded domains 

of J. Calc. Var. PDF. 1, 243-265 (1993). 

[24] L. Veron, Elliptic equations involving Measures, Stationary Partial Differential equations, Vol. I, 593- 
712, Handb. Differ. Equ., North-Holland, Amsterdam (2004). 


